Abstract. After reviewing some fundamental facts from the theory of theta hypergeometric series we derive, using indefinite summation, several summation, transformation, and expansion formulas for multibasic theta hypergeometric series. Some of the identities presented here generalize corresponding formulas given in 
Introduction
By convention, a series u n is called a hypergeometric series if g(n) = u n+1 /u n is a rational function of n. It is called a q-(or basic) hypergeometric series if g(n) is a rational function of q n . More generally, such a series is called an elliptic hypergeometric series if g(n) is an elliptic (doubly periodic meromorphic) function of n with n considered as a complex variable. We refer the reader to [8, Ch. 11] for some motivation for considering these three classes of series and to [8] in general for a treatise on basic hypergeometric series.
In a path-breaking paper, Frenkel and Turaev [6] in their work on elliptic 6j-symbols (introduced by Date et al. [5] as elliptic solutions of the Yang-Baxter equation [1, 2] ) introduced elliptic analogues of very-well-poised basic hypergeometric series. In particular, using the tetrahedral symmetry of the elliptic 6j-symbols and the finite dimensionality of cusp forms, they derived elliptic analogues of Bailey's transformation formula (cf. [8, Eq. (2.9.1)]) for terminating identities involving multiple bases and theta functions, special cases of which have already been presented in [8] .
We start in Section 2 with the elliptic shifted factorials, Spiridonov's [9] r+1 E r theta hypergeometric series notation and its very-well-poised r+1 V r special case, and then point out some of their main properties. We also present the Frenkel and Turaev summation and transformation formulas. In Section 3 we derive theta hypergeometric extensions of some of the summation and transformation formulas in [8, . To give just one example, here is a transformation formula for a "split-poised" theta hypergeometric 12 E 11 series 12 E 11 a, qa for n = 0, 1, . . . (see (2. 3) for the notation), a recast of (3.24), which extends the transformation formula for a split-poised 10 φ 9 series given in [8, Ex. 3.21] . Most of these extensions have recently been presented in [8, Ch. 11] , where reference was made to an earlier (2003) version of this paper. However, some formulas in [8] (in particular, in Sec. 11.6 and Exercises 11.25-11.26) have been further generalized in the current version of this paper. The selection of formulas we give is by no means exhaustive, but they do serve to illustrate some of the possibilities for deriving summations, transformations and expansions for multibasic theta hypergeometric series. We wish to thank Mizan Rahman and Ole Warnaar for some helpful correspondences.
Elliptic and theta hypergeometric series
As in [8] we define a modified Jacobi theta function with argument x and nome p by 
and let
where a, a 1 , . . . , a m = 0. Notice that θ(x; 0) = 1−x and, hence, (a; q, 0) n = (a; q) n is a q-shifted factorial in base q. Thus, the parameters q and p in (a; q, p) n are called the base and nome, respectively, and (a; q, p) n is called the q, p-shifted factorial. A list of useful identities for manipulating the q, p-shifted factorials (and related objects such as q, p-binomial coefficients, or elliptic binomial coefficients, and elliptic gamma functions) is given in [8, Sec. 11.2] .
Following Spiridonov [9] , an r+1 E r theta hypergeometric series with base q and nome p is formally defined by 
where the limit of the series is a termwise limit. See [8, Sec. 11.2] for more details and a discussion of convergence of the series in (2.3). As in [9] , a (unilateral or bilateral) series c n is called an elliptic hypergeometric series if g(n) = c n+1 /c n is an elliptic function of n with n considered as a complex variable; i.e., the function g(x) is a doubly periodic meromorphic function of the complex variable x. For the r+1 E r series in (2.3) it is clear that
with b r+1 = q. It is not difficult to show (see [8] ) that when
is an elliptic (i.e., doubly periodic meromorphic) function of x. Therefore, (2.4) is called the elliptic balancing condition, and r+1 E r is said to be elliptically balanced (E-balanced) when (2.4) holds.
Corresponding to the basic hypergeometric special case (cf. [8] ), the r+1 E r series in (2.3) is called well-poised if 5) in which case we find that the elliptic balancing condition (2.4) reduces to
Using (2.2) we see that
is an elliptic analogue of the quotient for n = 0, 1, . . . , provided that the balancing condition 
Multibasic summation and transformation formulas for theta hypergeometric series
We first observe that if the parameter a in (2.10) is replaced by a/q, then it follows that the n = 1 case of (2.10) is equivalent to the identity
More generally, by replacing a in (2.8) by a/q it follows that the n = 1 case of (2.8) is equivalent to the identity 
for n, m = 0, ±1, ±2, . . . , and let
where a
. . , and it is assumed that the a's,
to get the indefinite summation formula
. . , n in (3.5) yields after relabelling the summation formula Observe that in (3.1), (3.2), (3.4), (3.5) and (3.6) the components of each quotient of products of theta functions have been arranged so that the wellpoised property of these quotients is clearly displayed; e.g., in the second sum in (3.5) the quotient of the theta functions in front of U k is arranged so that each product of corresponding numerator and denominator parameters equals
, and each of the corresponding products in the quotient of theta functions inside the square bracket equals a
= bcdef g and w 3 = qrstuv, then the product U n reduces tõ
and, by applying (3.5) and some elementary identities for q, p-shifted factorials (listed in [8, Sec. 11.2]), we obtain the following indefinite multibasic theta hypergeometric summation formula
for n, m = 0, ±1, ±2, . . . , where a 3 = bcdef g and w
3
= qrstuv. If we set p = 0 and assume that max(|q|, |r|, |s|, |t|, |u|, |v|, |w/q|, |w/r|, |w/s|, |w/t|, |w/u|, |w/v|) < 1, then letting n or m in (3.7) tend to infinity shows that this special case of (3.7) also holds with n and/or m replaced by ∞, just as in the special case [8, Eq. (3.6.14)]. Thus we have extended [8, Eq. (3.6. 14)] to the bilateral multibasic summation formula Even though we cannot let n → ∞ or m → ∞ in (3.7) when p = 0 to derive summation formulas for nonterminating theta hypergeometric series (because lim a→0 θ(a; p) does not exist when p = 0), it is possible in some special cases to let n → ∞ or m → ∞ in (3.5) to obtain summation formulas for nonterminating series containing products of certain theta functions. In particular, if we denote the kth factor in the product representation (3.4) for U n by where log z k is the principal branch of the logarithm (choose, e.g.,
and f k so close to a 
However, it seems to be more useful to employ the patching
to convert the m = 0 case of (3.7) into the form 
where n = 0, 1, . . . , which generalizes [8, Eq. (3.6.17)]. In particular, if we replace n, a, b, and k in the s = t = q case of (3.14) by n − m, ar
, and j − m, respectively, we obtain the orthogonality relation 
for n = 0, 1, . . . , which when r = q reduces to
Special cases of the summation formula (3.12), combined with the argument applied in [8, Sec. 3.8] , can be used to extend equations (3.8.14) and (3.8.15) of [8] to the quadratic theta hypergeometric transformation formulas
; q ; p) θ(ac; p) 
/bc
gives the identity (see also [8, Eq. (11.6.9) 
Just as in the derivation in Gasper [7] of the quadbasic transformation formula in [8, Ex. 3 .21], one can extend indefinite summation formulas (such as in (3.6) and (3.19)) to transformation formulas by applying the identity
which follows by a reversing the order of summation. For example, by taking λ k to be the kth term in the series in (3.6) and Λ k to be this term with a k , b k , c k , d k , and p replaced by A k , B k , C k , D k , and P , respectively, we obtain the rather general transformation formula
which is an extension of the second identity in [8, Ex. 3 .21] (see also [8, Ex. 11 .25]).
If we now set R = Q = r = q, we obtain the following transformation formula for a "split-poised" theta hypergeometric series 
for n = 0, 1, . . . , which is an extension of the transformation formula for a splitpoised 10 φ 9 series given in [8, Ex. 3.21 ]. This formula may also be written as a transformation formula for a split-poised 12 E 11 series, see (1.1).
We will now use (3.14) to derive multibasic extensions of the Fields and Wimp, Verma, and Gasper expansion formulas in [8, Eqs. 14) and replace the summation index k by n − k. For j, n = 0, 1, . . . , we assume that B n (p) and C j,n are complex numbers such that C j,0 = 1 and the sequence B n (p) has finite support when p = 0. Then, for j = 0, 1, . . . ,
; rt/q, p) j (σrs If we set r = s = t = q and C j,m ≡ 1 in (3.26) we obtain an expansion formula that is equivalent to the following extension of [8, where we used the contracted notation that was used in [8, Eq. (3.7.8)], and, in order to avoid convergence problems, it is assumed that B n has finite support when p = 0. By using (3.13) instead of its special case (3.14) and proceeding as above, one can derive even more general extensions of the multibasic Fields and Wimp, Verma, and Gasper expansions. Since they are rather lengthy and do not seem to be of any particular interest at this time, we will not give them here.
